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Abstract. We deal with fixed-time and Strichartz estimates for the Schrodinger 
propagator as an operator on Wiener amalgam spaces. We discuss the sharpness 
of the known estimates and we provide some new estimates which generalize the 
classical ones. As an application, we present a result on the wellposedness of the 
linear Schrodinger equation with a rough time dependent potential. 



1. Introduction 
Consider the Cauchy problem for the Schrodinger equation 

idtu + Am = 



m(0, x) = Uq{x) 



with X G W^, d > 1. Several estimates have been obtained for the solution u{t, x) = 
(e**^Mo) (x) of in terms of Lebesgue spaces, with important applications to 
wellposedness and scattering theory for nonlinear Schrodinger equations, possibly 
with potentials [HITllIIHlIiniElEIlEHlEl]. Among them, we recall the important 
fixed-time estimates 

(2) We'^^UoWiriRd) < \t\''^^^''^^\\uo\\Lr'(^^d), 2 < r < oo, 

as well as the homogeneous Strichartz estimates: for g > 2, r > 2, with 2/q + d/r = 
d/2, {q,r,d) ^ (2,oo,2), i.e., for (g, r) Schrodinger admissible, 

(3) We'^^uoW LjLi ^ \\uo\\lI, 

where, as usual, = (^J W^^it, ■)\\'[r dt^ . As a matter of fact, these 

estimates express a gain of local x-regularity of the solution u{t, ■), and a decay of 
its L^. norm, both in some Lf-averaged sense. 

Recently several authors ( [H [21 [5l [6l [311 [321 [33]) have turned their attention to 
fixed-time and space-time estimates of the Schrodinger propagator between spaces 
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widely used in Time- Frequency Analysis [T5], known as modulation spaces and 
Wiener amalgam spaces. These spaces were first introduced by H. Feichtinger in 
[8] (now available in textbooks [15]) and have recently become very popular in the 
framework of signal analysis. Loosely speaking, given a Banach space B, like B = 
or B = J^L^, the Wiener amalgam space W{B, L'^) consists of functions which 
are locally in B but display an L'^-decay at infinity. In particular, W{Lp, L^) = L^, 
W{LP\ U^) ^ W{LP\ if > qi < q2, and W{J^Lp\ U^) ^ W{TLp\ U^) 
if pi < p2, Qi < q2- 

As explained in [51 E] , one of the main motivations for considering estimates in 
these spaces is that they control the local regularity of a function and its decay 
at infinity separately. Hence, they highlight and distinguish between the local 
properties and the global behaviour of the solution u{t,x) = e**^uo and therefore, 
as far as Strichartz estimates concern, they are natural candidates to perform an 
analysis of the solution which is finer than the classical one. Actually, Wiener 
amalgam spaces have already appeared as technical tool in PDE's. In particular, 
the space W{Lp, L'^) coincides with the space X^^ introduced in [26] . 

Some Stricharz estimates in this environment are in [SJ [0] , where the following 
fixed-time estimates are presented: for 2 < r < cxo, 

(4) l|e'*^Mo||p^(^^.',i,.) < {\t\-^ + \t\-^Y^''~^^ \\u4w{TLr,Lr'y 

The related homogeneous Strichartz estimates, obtained by combining (jlj) with 
orthogonality arguments, read 

(5) II 

for 4 < g < oo, 2 < r < oo, with 2/g + d/r = d/2. When g = 4 the same estimate 
holds with the Lorentz space U' in place of L"^ . Dual homogeneous and retarded 
estimates hold as well. 

For comparison, the classical estimates can be rephrased in terms of Wiener 
amalgam spaces as follows: 

(6) \\e^^^Uo\\w(Li,Li)tW(L^,L^):, ^ IkolUi. 

Thereby, the new estimates contain the following insight: the classical estimates 
can be modified by (conveniently) moving local regularity from the time variable 
to the space variable. Indeed, J-'L^ C L'' if r > 2, but the bound in (jl]) is worse 
than the one in ([2]), as t — 0; consequently, in the estimate ([5]) we average locally 
in time by the L"^/^ norm, which is rougher than the L'^ norm in Q or, equivalently, 
in ©. 

In the present paper we perform the converse approach, by showing that it 
is possible to move local regularity in ([3]) from the space variable to the time 
variable. As a result, we obtain new estimates involving the Wiener amalgam 
spaces W{LP,L'^) that generalize ([3]). This requires some preliminary steps. 
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First, we show that (jl]) can be enlarged to more general pairs (s',r), rather 
than only conjugate-exponent pairs (r',r), (see Theorem (I3.3I) ). In particular, if 
we choose s' = 2, the related fixed-time estimates read 

||e**^Mo|k(L2,L'-) < (1 + t^)~^(^-7) \\uo\\w(^L^Lr'), 2 < r < oo. 

Using techniques similar to [5], |T9] , the related Strichartz estimates are achieved in 
Theorem I4.1[ Finally, the complex interpolation with the classical estimates ([3]) 
yields our main result: 

Theorem 1.1. Let 1 < gi,ri < oo, 2 < q2,r2 < oo such that ri < r2, 

2 d d 



2 d d 
q2 r2 2 



{ri,d) 7^ (oo,2), {r2,d) ^ (oo,2) and, if d > 3, ri < 2d/{d — 2). The same for 
qi,q2,ri,r2- Then, we have the homogeneous Strichartz estimates 

(9) \\e'^^Uo\\w{Lii ,Li2)tW{L'-i ,V2)^ < ll'^olUi, 

the dual homogeneous Strichartz estimates 



(10) II J e-^'^Fis)ds\\L2<\\F\ 



and the retarded Strichartz estimates 

(11) II j^^/^'"^^-^^^^ ds\\wiLn,L'i2),WiL^i,Lr2)^ < \\^\\w{L^i ,L^'2)tW{L'i ,l'2).- 

Figure 1 illustrates the range of exponents for the homogeneous estimates when 
d > 3. Notice that, if qi < q2, these estimates follow immediately from ([6]) and the 
inclusion relations of Wiener amalgam spaces recalled above. So, the issue consists 
in the cases qi > q2- 
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Figure 1: When d>3,(Q holds for all pairs (1/gi, 1/ri) G h, (1/^2, 1/^2) G -^2, 

with l/r2 < 1/ri. 



Since there are no relations between the pairs {qi,ri) and (5'2,T2) other than 
fi ^ f2, these estimates tell us, in a sense, that the analysis of the local regularity 
of the Schrodinger propagator is quite independent of its decay at infinity. 

We then discuss the sharpness of the results above, as well as those in [5]. Indeed, 
in Section Owe first focus on the fixed-time estimates, proving that the range r > 2 
in (jlj) is sharp, and the same for the decay t~'^(2~r) at infinity, and the bound 
t~2ci(2--)^ when t — > 0. Then, we present the sharpness of the Strichartz estimates 
([5]), except for the threshold Q' > 4, which seems quite hard to obtain. Next, we 
turn our attention to the new estimates in Theorem 11.11 and show that, for d > 3, 
all the constraints on the range of exponents in Theorem 11.11 are necessary, except 
for ri < r2, ri < 2d/{d — 2), which remain an open problem. However, we prove 
the weaker result (Proposition 15. 3p : 

Assume ri > r2 and t ^ 0. Then the propagator e"^*^ does not map W{L^\L^''2) 
continuously into W{U'^ , U"^) . 

This shows that estimates (Q for exponents ri > r2, if true, cannot be obtained 
from fixed-time estimates and orthogonality arguments. 
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The arguments here employed for the necessary conditions differ from the classi- 
cal setting of Lebesgue spaces, where necessary conditions are usually obtained by 
general scaling considerations (see, for example, [281 Exercises 2.35, 3.42], and [20] 
for the interpretation in terms of Gaussian curvature of the characteristic manifold). 
In our framework this method does not work directly. Indeed, the known bounds 
for the norm of the dilation operator f{x) i — > /(Ax) between Wiener amalgam 
spaces ( [25l [29] ). yield constraints which are weaker than the desired ones. 

Our idea is to consider families of rescaled Gaussians as initial data, for which 
the action of the operator e**^ and the involved norms can be computed explicitly. 

In the last section, we present an application to the linear Schrodinger equation 
with time-dependent potential (see [7] and the references therein for the existent 
literature). Our result extends that in [5] to the dimension d > 1 (instead of c? > 1) 
and to potentials V{t, x) in Wiener amalgam spaces rather than the classical 
spaces. Precisely, we prove the wellposedness in of the Cauchy problem 

^^2^) Udtu + Au = V{t, x)u, t e [0, T] = 1^, x e R"^, 

1 u{0, x) = Uo{x), 

for the class of potentials 

(13) V e L'^ilT;W{TLP',LP).^), - + -< 1, l<a<oo, d<p< oo. 

a p 

This result seems of interest especially in dimension d = 1, where, if we choose 
1 < p < 2, V(t, x) is allowed to be locally in rough spaces of temperate distributions 
J-'LP , with respect to the space variable x (see Remark [6. 2p . 

Estimates similar to those proved here should hold for other dispersive equations, 
like the wave equation, too. Our plan is to investigate these issues in a subsequent 
paper. 

Notation. We define |xp = x-x, for x G M'^, where x-y = xy is the scalar product 
on R"'. The space of smooth functions with compact support is denoted by C^(M'^), 
the Schwartz class is iS(M'^), the space of tempered distributions i5'(M°'). The 
Fourier transform is normalized to be /(^) = J-'f{^) = J /(t)e~^'^**^(it. Translation 
and modulation operators {time and frequency shifts) are defined, respectively, by 

TJit) = fit-x) and MJ(t) = e^-^^VW- 

We have the formulas (T,/)^= M_^/, iMjy= T^/, and M^T, = e2™«T^.Mg. The 
notation A < B means A < cB for a suitable constant c > 0, whereas A^ B means 
c~^A < B < cA, for some c > 1. The symbol Bi B2 denotes the continuous 
embedding of the linear space Bi into B2. 
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2. Wiener amalgam spaces 

We briefly recall the definition and the main properties of Wiener amalgam 
spaces. We refer to [H El [TOl [IH [12] ) for details. 

Let g G be a test function that satisfies ||5'||l2 = 1- We will refer to (7 as a 
window function. Let B one of the following Banach spaces: L^,JFLp, 1 < p < 00, 
L^'"^, 1 < p < 00, 1 < g < 00, possibly valued in a Banach space, or also spaces 
obtained from these by real or complex interpolation. Let C be one of the following 
Banach spaces: L^, 1 < p < 00, or L^''^, 1 < p < 00, 1 < g < 00, scalar-valued. 
For any given function / which is locally in B (i.e. gf E B, \/g & we set 

fsix) = WfT^gllB- 

The Wiener amalgam space W{B,C) with local component B and global com- 
ponent C is defined as the space of all functions / locally in B such that fs € C. 
Endowed with the norm 11/111^(^,(7) = ||/b||c, W{B,C) is a Banach space. More- 
over, different choices of (? G generate the same space and yield equivalent 
norms. 

If B = J^L^ (the Fourier algebra), the space of admissible windows for the Wiener 
amalgam spaces W{J-'L^,C) can be enlarged to the so-called Feichtinger algebra 
W{J^L^, L^). Recall that the Schwartz class S is dense in W{J-'L^, L^). 

We use the following definition of mixed Wiener amalgam norms. Given a mea- 
surable function F of the two variables (t, x) we set 

1 1 -f" 1 1 Willi ,Li2 )tW{TL'-\ ,L'-2 )^ = 1 1 1 1 -F()f:, ■ ) 1 1 wiTL-'i .L'-a )^ 1 1 W{Ln ,Li2 )t ■ 

Observe that ([5J) 

The following properties of Wiener amalgam spaces will be frequently used in the 
sequel. 

Lemma 2.1. Let Bi, Ci, i = 1,2, 3, be Banach spaces such that W{Bi, Ci) are well 
defined. Then, 

(i) Convolution. If Bi * B2 B3 and Ci * C2 C3, we have 

(14) W{Bi, Ci) * W{B2, C2) W{B^, C3). 
In particular, for every 1 < p,q < 00, we have 

(15) \\f * u\\w{y^LP,Li) < \\f\\wiy^L'^,L^)\\u\\w{J^LP,Li)- 

(ii) Inclusions. If Bi ^ B2 and Ci ^ C2, 

W{B^,C^)^W{B2,C2). 

Moreover, the inclusion of Bi into B2 need only hold "locally" and the 
inclusion of Ci into C2 "globally" . In particular, for 1 < pi, qi < 00, i = 



1, 2, we have 

(16) pi > p2 and q^<q2 ^ W{LP\L'^') ^ W{LP\ U^). 

(iii) Complex interpolation. For < ^ < 1, we have 

[W{B^, Ci), W{B2, C2)][e] = W{[Br, B2\e], [Ci, C2\e]) , 

if Ci or C2 has absolutely continuous norm. 

(iv) Duality. If B',C' are the topological dual spaces of the Banach spaces B,C 
respectively, and the space of test functions is dense in both B and C , 
then 

(17) W{B,C)' = W{B\C'). 

The proof of all these results can be found in ([HI [9l [TOl [T6]). 

3. Fixed-time estimates 

In this section we study estimates for the solution M(t, x) of the Cauchy problem 
([T]), for fixed t. We take advantage of the explicit formula for the solution 

(18) u{t,x) = {Kt*UQ){x), 
where 

(19) K,{x) = (^^e^l^lV(-). 

We already know that f|T9l) is in the Wiener amalgam space W{J-'L^, L°°) see [H [5l 
[33] . This is the finest Wiener amalgam space- norm for ( fT9l) which, consequently, 
gives the worst behaviour in the time variable. We aim at improving the latter, at 
the expenses of a rougher a;-norm. This is achieved in the following result. Indeed, 
W{J^L^,L'^) C W{J^L'P,L°°) for 1 < p < cx) and the case p = 1 recaptures [SI 
Proposition 3.2]. 

Proposition 3.1. For a e R, a ^ 0, let fai{x) = (az)-'^/2g-^|x|2/M_ Then, for 
1 <p< 00, faiE W{TLP, L°°) and 

(20) X \a\-"^{l + a')Wm/v~m_ 

Proof. It follows the footsteps of |5i, Proposition 3.2]. We consider the Gaussian 
g{t) = e~'^'*' as window function to compute 

\\fai\\w{J'LP,L°-) ^ sup Wfai* M^^g\\LP. 
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Using faiiO = e^™^^\ we have, for p < oo, 



\\fa*M_^g\ 



LP 



'TTai{^-yf ~2TTixy -TT^\y\'^ 



dy 



= (1 + a2^)(a!/2){l/p-l/2)|^|-d/pp-d/(2p)_ 

Since the right-hand side does not depend on x, taking the supremum on R*^ with 
respect to the x-variable we attain the desired estimate. 
If p = oo, 

\\fa\\wi^L^,Loo) X sup 1(1 + a,)-'^/2e-(-<)V(l+-)| ^ (1 + ^2yd/A 



and we are done. □ 

For a = Ant, t 7^ 0, we infer: 
Corollary 3.2. Let Kt{x) he the kernel in f|T9l) . Then, if 1 < p < 00, 

(21) \\K,\\^im-) |tr^/^(l + t2)W2)(i/^-v^). 

Lemma 3.1. Let I < p,q,r < 00, with 1/r = 1/p + 1/q, then 

(22) W{J^LP, L°°) * WiJ^L'', L^) ^ W{TL\ L°°). 

Proof. This is a consequence of the convolution relations for Wiener amalgam 
spaces in Lemma 12.11 (i), being J^L^ * TL'^ = !F{L^ ■ L') = J^L^' by Holder's 
Inequality with 1/r = 1/p+l/q, and L°° * ^ 1°°. U 

Proposition 3.2. It turns out, for 2 < q < 00, 

Proof. We use the explicit representation of the Schrodinger evolution operator 
e^^^uo{x) = [Kt * Mo) (a;). Let 1 < p,q < 00, satisfying 

1 2 

(24) - + - = 1. 

p q 

Then the kernel norm fl2T|) and the convolution relations (j22j) yield the desired 
result. □ 



Theorem 3.3. For 2 < g, r, s < 00 such that 



we have 

In particular, for 2 < r < oo, 



' 1 1 ' 



(26) iK'^uoWwiL^Lr) < (1 + t')-^U-f J WuoWwiL^^Lr'y 

Proof. Estimates fl26|) follow by complex interpolation of fl23l) . which corresponds 
to r = oo, with the conservation law 

(27) ||e**^Mo||L2 = ||mo||l2, 
which corresponds to r = 2. 

Indeed, = W{TL'^,L'^) = W{L'^,L^). By Lemma EH item (iii), for < ^ = 
2/r < 1, and 1/s' = (1 - 2/r)/q' + 1/r, so that relation ([25]) holds, 

W{J^L'^',L'^),W{TL',L')] = W ([W',^L2][,], [L°^,L\e]) = W{:FV\U) 
L J [0] V / 

and 

[w{tl\l'),w{:fl\l')\^^ = w {[j'L'>,TL\], [L\L\e]) = w{:fl\u'), 

so that the estimate ( |26l) is attained. □ 

4. Strichartz estimates 

In this section we prove Theorem ll.li Precisely, we first study the case qi = 
gi = oo, ri = fi = 2. In view of the inclusion relation of Wiener amalgam spaces, 
it suffices to prove it for the pairs {q2,f'2) scale invariant (i.e. satisfying ([8]) with 
equality), namely the following result. 

Theorem 4.1. Let 2 < q < oo, 2 < r < oo, such that 

2 d d 
q r 2 

{q, r, d) 7^ (2, oo, 2), and similarly for q, r. Then we have the homogeneous Strichartz 
estimates 

(28) \\e^^^Uo\\w{L'^ ,Li)tWiL2 ,L^)^ ^ Ikolliz, 
the dual homogeneous Strichartz estimates 

(29) II I e-^^^F(.) dsh^ < \\F\\^iL\LnmL^Ln.^ 
and the retarded Strichartz estimates 

(30) II / e'^^~'''^^F{s)ds\\iv(L^,Li)tW{L^,L-)^ ^\\F\\^^(^L\L'i')tW{L^,Lf')^- 

Js<t 
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Proof in the non-endpoint case. Here we prove Theorem 14.11 in the non-endpoint 
case, namely for q > 2,q > 2. The techniques are quite similar to those in 
Theorem 1.1]. We shall sketch the proof of the homogeneous and dual Strichartz 
estimates. We first show the estimate (!28|) . The case: q = oo, r = 2, follows at once 
from the conservation law ([27]). Indeed, W{L°°,L°°)t = Lf and W{L'^,L'^)^ = Ll, 
so that, taking the supremum over t in ||e**'^Mo||L2 = ||mo||l2, we attain the claim. 

To prove the remaining cases, we can apply the usual TT* method (or "orthog- 
onality principle", see [HI Lemma 2.1] or [211 page 353]), because of Holder's type 
inequality 

(31) \{F,G)l2l2\ < ||i^||lV(L°°,L9)tVl/{L2,L'-)):,||G'||yi/(j^l^^,')^^(^2^ir')^, 

which can be proved directly from the definition of these spaces. 
As a consequence, it suffices to prove the estimate 

(32) II J e'^*"''^^F(s) cis||vK{L'-,L9)tiy(L2,Lr)^ < ||F||^^(^i_^,')^^y(^2^ir')^. 

Recall the Hardy-Littlewood-Sobolev fractional integration theorem (see e.g. 
|21j . page 119) in dimension 1: 



(33) LP(M) * L^/"'°°(M) ^ L^iR), 

for 1 < p < q < oo, < a < 1, with 1/p = 1/q + 1 — a (here L^/""'"^ is the weak 
L-*^/" space, see e.g. [23|). Now, set a = d{l/2 — 1/r) = 2/q {q > 2) so that, for 
p = g', Li'*L^/'^'°^ ^ LI. Moreover, observe that (l + |t|)-" G iy(L°°, Li/"'°°)(M). 
The convolution relations f|T^ then give 



W{L\L'^'){R) * iy(L°°,Li/"'°°)(M) ^ iy(L°°,L'?)(M). 

The preceding relations, together with the fixed-time estimates fl26l) and Minkowski's 
inequality allow to write 



<|| / ||e^(*-^)M^)|U(^2,,.. d.|| 



^11 j ll^(s)IU(L2,L'-'),(l + l^-^l) ''ds\\w{L^,Li)t 



~ \\^\\w{L\Li')tW(L2,L'-')^- 

The estimate (129|) follows from (!28|) by duality. 

The same arguments as in [5, page 13] then give the retarded Strichartz estimate 
(EOl). □ 
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Proof in the endpoint case. We are going to prove Theorem 14. II in the endpoint case 



(g, r) = P := (2, 2d/{d — 2)) or (g, r) = P, d > 2. Hence, we prove the estimates 

(34) ||e'*'^Mo|k(L-,L2)tH/(L2,L'-). ^ IkolUi, T = 2d/{d-2), 

(35) II I e-^^^F(s) ds\\L. < ||F||vK(Li,L.-').H^(L^Ln.' ^ = '^^/{d - 2), 
and 

(36) II / e*(*"'')^F(s) (is||t^(Loo^i2)^H^(i2^ir)^ < ||F||p^(^l^^2)^v^.(i2^if')^, 



J s<t 

with {q,r), {q,r) Schrodinger admissible, and {q,r) = P or {q,r) = P. 

We follow the pattern in HH] , with several changes according to our setting. 
Hence, we study bilinear form estimates via a Withney decomposition in time (see 
( !38|) ). We estimate each dyadic contribution in P2l) and fH3|) . Finally we conclude 
by a lemma of real interpolation theory to sum these estimates. 

Precisely, by the same duality arguments as the ones used in the previous part 
of the proof, we observe that it suffices to prove (IMI) . This is equivalent to the 
bilinear estimate 

I J J (e *''^F(s),e **^G(t)) rfsrfti < ||F||^^(^l^^2)^PV'(L^L'■0a.ll^llH^{L^L2)^;y(i2^i^^ 

By symmetry, it is enough to prove 

(37) |T(F,G)| VIIGII 
where 

T(F, G) = [[ {e-''^F{s), e~**^G(t)) ds dt. 

J Js<t 

Here the critical exponent q = 2 appears in the global component, which control the 
decay in the t-variable at infinity, hence the form T{F, G) is decomposed dyadically 

as 

(38) T = T + J]T„ 

j>0 

with 

(39) f{F,G)= [[ {e-''^F{s),e-''^G{t))dsdt 

J Jt-l<s<t 

and 

(40) Tj{F,G)= [[ {e-''^F{s),e-''^G{t))dsdt. 

In the sequel we shall study the behaviour of T and Tj separately. We shall use 
repeatedly the following fact. 
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Lemma 4.1. Let 1 < p,q,r < oo be such that 1/p + 1/q = 1/r. For every 
f G W{L^, L^)(]R) supported in any interval I of length L > 1, it turns out 

(41) \\f\\wiL^,Lr)<C,L'/n\f\\wiL^M)- 

Proof. To compute the W{L^, U) norm of / we choose g = X[o,i]? the characteristic 
function of the interval [0,1]. Then, ||/|| vk(li,L'-) ^ II II/^j/5'IIli ||l' - Since / is 
supported in an interval / of length L, the mapping 

y ' — ' WfTygh^ 

is supported in an interval / of length L + 2. Hence, for l/p+l/g=l/r. Holder's 
inequality yields 

WWfTyghAlL ' ' " ^ 



JjlfTygWl^dy^ < (L + 2)1/^11 ||/T,<7||l^ ||l. 



< CpLl/P||/||H/(Li,L.) 

as desired. □ 
Lemma 4.2. We have 

(42) \T{F,G)\ < ||-^||iy(Li,L2)j^y(i2^ir')^||G'||iy(Li,L2)tW(L2^L'-'),- 

Proof. We assume F and G compactly supported, with respect to the time variable, 
in intervals of duration 1 (indeed, in fl39|) . F and G can be replaced by X[t-i,t] {s)F{s) 
and X[s,s+i]{t)G{t), respectively). 

Since |t — s| < 1, it follows from the duality properties (|T71) and the fixed-time 
estimate fl26l) that 

|(e-*^V(s),e-'*^G(t))| = |(F(s),e^(^-*)^G'(t))| 

< l|i^(^)IU(L2,L^')J|e^^^-*)^G(t)|k(z.2,i.), 

< l|i^(^)IU(L2,L^').(l + k-t|)-<^-')||G(t)|U(i2,,.'), 

< l|i^(^)ll l|G'(t)|| 
Integrating with respect to the variables s and t we then obtain 

l^(-^)<-^)l ^ l|-^llLliy(L2,Lr')^ 116*11^1^^(^2 ^^r')^. 

Lemma WTl with p = q = 2 and r = 1, applied to each function ||-^(i)||vi/(2,2 j^r')^ 
and ||G'(t)||,4/(-^2 j;^r')^, gives the result. □ 

The estimates of the pieces Tj{F, G) follow the techniques of (191 Lemma 4.1] and 
[5l Lemma 5.2], adapted to our context. 
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Lemma 4.3. We have 

(43) \Tj{F,G)\ < 2"^'^^'''''^||F||vt.(ii^j^2)^vi/(i2^ia')||G'|lvi/(ii^i2)^VK(L2,Li'')' 
for (1/a, 1/6) in a neighborhood o/ (1/r, 1/r). 

Proof. Observe that here d > 2 hence r < oo. Then, the result follows by complex 
interpolation (Lemma 12. (iii)) from the following cases: 

(i) a = oo, b = oo, 

(ii) 2<a<r,b = 2, 

(iii) a = 2,2<b<r. 

Case (i). We need to show the estimate 

(44) \Tj{F,G)\ < 2'^'-^'^^\\F\\w{L\L2)tW{L^,L^)\\G\\w{L\L^)tWiL2,L^)- 

Here the fixed-time estimate fl26l) and |t — s| < 2-' yield 

\{e--^F{s),e-^'^Gm<2-''^\\Fis)\\w(L^L^^^^^^ 
Integrating with respect to the variables s and t, 

\Tj{F,G)\ < 2"-'2 ||F||ii(p^(i2_ii)^)||G||ii(t^(i2^ii)^). 

Again, we can assume F and G compactly supported, with respect to the time 
variable, in intervals of duration 2^. Applying Lemma l4.ll with p = q = 2 and 
r = 1, to both functions ll-P'(^) ||vy(L2,Li)a, ||G'(t)||vK(L2,Li)^ we attain flH|) . 
Case (ii). We have to show 

(45) \Tj{F,G)\ < 2-^'(^^-^)||F||^^(^i,^2),vK(L2,L^')J|G|k(Li,L2),Li. 
Using similar arguments to the previous case we obtain 

(46) |T,(F,G)| <sup|| / e-^^^F(.)ds|U2||G|Ui^2, 

t Jt-2J+i<s<t-2J 

and 

For a > 2, let now q = q{a) be defined by 

/.o\ 2 d d 

(48) ^ + - = -. 

q{a) a 2 

The non-endpoint case of (129|) . written for r = a and the q above, gives 
supll / e-^^V(s)rfs|U2 = sup II / e-*^^(T_ah2.+i,^2.])(s)F(s)rfs|U2 

— ll-^lll^{Li,L9')VK(L2,L''')' 
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for every 2 < a < r. Since the support of F with respect to the time is contained 
in an interval of duration 2-^, Lemma [4.11 with g = 2, r = g', and 

1 _ 1 1 _ 1 1 _ 1 d d 
p~^~2~2~^~2^4^2^' 

gives 

11 T-, 1 1 ^ A _^ d ~ ) 1 1 IT' 1 1 

This estimate, together with (l46ll and (l47l) . yields the estimate (l45l) . 

Case (in). Use the same arguments as in case {ii). □ 

It remains to show 
(49) '^\Tj{F,G)\ < ||-^||vy(L^L2)tTy(L^L'■'):.ll'-^ll^^(i^■£'')tl^(i^■£''■').• 

Now, (l49l) can be achieved from (H3i) and some real interpolation results (collected 
in Appendix A below), as in |5l [T9] . 

In details, we single out ao,ai,bo, bi such that (1/r, 1/r) is inside a small triangle 
with vertices (l/ao, l/^o), (l/c^i, l/^o) and (1/ao, l/&i) (see Figure 2), so that 

P{ao, bi) = P{ai, bo) ^ /3(ao, bo). 



1 

b 




Figure 2. 
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Then, we apply Lemma lA.ll withH T = {Tj}, (after setting Tj = for j < 0) 
Co = Ci = and, for A; = 0, 1, we take 

Ak = W{L\W{L\L'^'''),),L'), Bk = W{L\W{L\ L'>''),), L'). 

Here we choose 6o, 6i, so that 

1/r = (1 - eo)/ao + ^oM, 1/r = (1 - e,)/bo + 6,/^. 

The assumptions are satisfied in view of (jUj). Moreover, with 6 = 6o + 6i, we have 

(1 - e)f3{ao, bo) + ef3{ao, h) = I3{r, r) = 0. 

Hence we attain the desired estimate fH9l) . because 

(Ao,Ai)e„,2 ^ W{{L\W{L\L-^^'),),L\W{L\L--'),))e,,2,L^) 

^ W{L\W{L\ U'),), L') = W{L\ L\W{L\ U'),, 

where we used Proposition IA.2I for the first and third embedding and Proposition 
lA.ll for the second one (the same holds for (i?o, -Bi)6io,2)- 

Similarly to O page 19] one can obtain the retarded estimates. This concludes 
the proof of Theorem 14. 1[ □ 

The Strichartz estimates in Theorem 14.11 can be combined with the classical ones 
([2]) to obtain the estimates in Theorem ll.il 

Proof of Theorem 11.11 We prove the homogeneous estimates ([9]), the other 
ones follow by similar arguments. Recall that the classical homogeneous Strichartz 
estimates can be written as 

(50) W'^'^'^UoW w{L9,L<i)tW{Lf',Lf)^ ^ lko||L2, 

for every Schrodinger admissible pair {q,r), i.e. q,r > 2, with 2/q + d/r = d/2, 
{q, f, d) 7^ (2, oo, 2). By complex interpolation between ( l50l) and ( l28l) one has 

(51) ||e**^Mo||iy(L'Ji,L'?2)tVK(L'-i,L'-2), < ||mo||l2, 

with (gj,rj), z = 1,2, Schrodinger admissible pairs. 
Here 

I _i-d 9 1 _i-e e 
qi q oo' g2 q g' 

so that 

- - - + - 
92 qi q 

^ We set — L*(Z, 2^^dj), where dj is the counting measure. Recall (see [3J Section 5.6]) that 
(^^: ^^)e,i = ^1 whenever sq ^ si and s = (1 - 9)so + 9si, < 9 < I. 
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Hence qi > q2, i.e., ri < r2. This shows ( l28i) when (gi,ri) and {q2,r2) satisfy 
d?]) and ([H]) with equahty. The general case follows from the inclusion relations of 
Wiener amalgam spaces, which allow us to increase q2,f'2, and diminish qi,ri (see 
Figure 1). 

5. Sharpness of fixed-time and Strichartz estimates 

In this section we prove the sharpness of the estimates (jlj), ([5]) and ([9]). To this 
end we need the following three lemmata. 

We recall from fl3[ page 257] the following well-known formula for Gaussian 
integrals. 

Lemma 5.1. Let A be a d x d complex matrix such that A = A* and KeA is 
positive definite. Then for every 2; G C", 

TTxAx-2TTizX< _ (^. A\-l/2 -TTZA-'^Z 



(52) J e-"^^^-'"*"^'rfx = (det A)-^/'e 

where the branch of the square root is determined by the requirement that (det A)^^/"^ > 
when A is real and positive definite. 

Lemma 5.2. For c G C, c 7^ 0, consider the function (j)^^\x) = ^ x G M*^. 

For every ci, C2 G C, with Reci > 0, Rec2 > 0, we have 

(53) * 0(^2) = (ci + cs)-'^/^^^^ 
Proof. Using the equality ([S2D, 

= (ci + c2)~'^/^e-^'=il^l'e^^, 

= (ci + C2)-''/V^^(a;), 

as desired. □ 

In particular, the solution of the Cauchy problem ([T]), with initial datum Uo{x) = 
g-7r|a;| ^ jg gjygj^ ^]-^g formula 

(54) u(t,x) = (1 + 47rzt)-'^/2e"^Tf^. 

This follows at once from Lemma 15.21 since the solution u{t, x) can be rephrased 

as 

u{t,x) = (K, * uo)ix) = j^-^ (^0({4^«*)-) * 0(1)) (a:). 
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, ,^ 7V\x\ 

Lemma 5.3. For a,b G M, a > 0, set fa+ib{x) = {a + ib)~ ' e~^+^ . Then, for 
every I < q,r < oo, 



+ 1)2 + 52)i(|-i; 

(55) \\fa+ib\\wiJ^Li,L^) " 



d(i_i \ ■ 



a-- {a{a + 1) + 62)2U' 

Proof. We use the Gaussian g{y) = e^'"'^'^ as window function, so that the Wiener 
amalgam norm W{J-'L'^, U) reads 

\\fa+ib\\w{J^L<i,L^) ^ WW fa+ibTxg\\ J^LiWl^ ■ 

Now, 

(56) fa+ibT^giui) = {ja+ib * M.^g^ (u) 

TT{a+ib)\uj\^ j ^-TT{a+l+ib)\y\'^-2Tri{x+i{a+ib)uj)y^^ 



7 /o / , -lm i9 (x-\-i(a-'rib)uj)(x-'ri(a-\-ib)uj) 

where we used Hence, after a simple computation. 
It follows that 

WfaMl.L. = ((a + 1)^ + 6^)-/^e-^ f / ^-^[(.^..^..)M^....,,^ 



= ((a + 1)2 + 62)-'^/V^(^^^ (a(a + 1) + fe^)"^ (^i^±i^!±^^ 

((a + 1)2 + 62)^*^9"^^ 

(a(a + 1) + b"^)^ 

By taking the L*^ norm of this expression one obtains fl55|) . □ 



Proposition 5.1. (Sharpness of (jl])). Suppose that, for some fixed to ^ M., 1 < 
r < oo, C > 0, the following estimate holds: 

(57) We'''^UoWwi:FLr',Ln < CWuoWwi:FLr,Lr'), Vuq G S{R'). 

Then r > 2. 
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Assume now that, for some a&M., C>0,6>0,l<r< oo, the estimate 

(58) ll'3**^Mo|lvi/{j^L'-',L'-) ^ C't"||'Uo||iy(jc-j^r^ir'), Vmo ^ 5(M'^), 

holds for every t G (0, 5). Then 

'I 1 



(59) a < -2d , 

\2 r 

Finally, if uq{x) = e~^\^\^ then 

(60) l|e'*^Wo|lvi/{:PL-',L-) ~ t"'^*^^"^'', as t ^ +oo. 



Proof. We consider the one parameter family of initial data uo{Xx) = e 
A > 0. If u is the function in fl5^ . the corresponding solutions will be 



^7rA2|a;|2 



\2 



(61) u{\h, Ax) = (1 + AnitX^y^'^e T^^^ 

where we used the notation in Lemma [5.31 
Now, gives 

(62) ll'"o(A-)llvy(:PL-,L'') = -^~''II/a-2 IUc^lm,-') ~ cA"'^/'' 

both for A ^ O"*" and A — > +oo, for some c > 0. On the other hand, again an 
application of fl55l) yields 

||M(A^t, A ■)||^y(jrir'^ir) = A '^||/A-2+47rit|lvK(j^L'-',L'-) 

_ A-^A' [(l + A~^)^ + t^]^(^'-) 
[A-2(A-2 + 1) +t2]42-^j 

Now, for fixed t = to, the expression in fl63p is asymptotically equivalent to 

CqA ^ v2 (co > 0), as A — > 0^, which, combined with the estimates (1621) 
and (1571) . yields r > 2. 

Similarly, if the inequality (1551) holds for t G (0, (5), one must have 

d / 1 1 \ 

(64) ^ ^ ^ < Ct-, 

[A-2(A-2 + l)+i2]42-F) 

for every t G (0,5), A > 0. Choosing t = A^^, we see that, when A +oo, the 
left-hand side of (IMl) is asymptotically equivalent to ciA^'^^^-^) (^ci > 0), and this 
proves (159|) . 

Finally, choosing A = 1 and letting t — > +oo, we see that the expression in (l63l) 
is asymptotically equivalent to C2t~'^^^^~\ which is (160|) . □ 
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Proposition 5.2. (Sharpness of ([5])). Assume that for some 1 < a,P,r < oo, 
C > 0, the following estimate holds: 

(65) l|e'*'^wolU(L-,L/')tty(^L'-',L'-). - '^H^olUi' ^ S{M.'^). 

Then r > 2. Moreover, if q is defined by the scaling relation 2/q + d/r = d/2, then 

(66) a < |, 

(67) (3>q. 

Proof. We first prove that r > 2 and fl^7|) holds. We use the family of initial data 
uq{\x) = e~'^^ , A > 0. The W{TU\U^ norm of the corresponding solutions 
(!6T|) is computed in (!63|) . We use that expression to estimate from below the norm 
in the left hand side of (l65ll . We single out g = the characteristic function 

of the interval [-1,1]) as window function to compute the iy(L",L^) norm. Then, 
for y eR, 

(68) ||||n(A2t,A-)IU(^L.',L.)T,(7|U? > A-^(A-^ + y2)-f(i-^), o < A < 1. 

Since the left-hand side of f l65|) is finite, this estimate for A = 1 already implies 
r > 2. Now, to compute the norm of the expression in fl68|) we apply the formula 

P+OO 

(69) 



/+CO 
{fi + yydy = c,fi'^+\ fi>0, 
-oo 



for every 7, and for a convenient c-y G (0, 00], independent of /i (c^ < 00 if 7 < — |). 
We deduce 

(70) \H\';\-)\\wiL^,L^),w(^L^',Ln. ^ A-^-f+M^^). 

We write the assumption (jHS]) for the solution u{XH,Xx), corresponding to the 
initial datum uq{Xx). Using the minorization (170]) . the trivial equality 

(71) ||uo(A-)||l2 = A-^||mo|U2, 
and letting A — 0^, we infer 

d 2 „ /I 1\ 

that is|<| — ^ = ^, i.e., the estimate ([6 

We now prove (166|) . Again we use the formula (!63|) to estimate 

(72) ||||M(A^t, A ■)\\w{j^L'-',Ln'^y9\\Lf 

> A-^(l + y2)i(^^) (/'^V^' + 1')-"<^-^) rf^y , A > 1. 
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An application of the inequality 

/ ifi + t'^y dt > fi^+^ , o</i<i, 

allows us to estimate the expression in (172|) as 

\\\H^'tA-)\\wi:FLr',Lr)Tyg\\L? > A-^-^+M^^), \y\ < ^, A > 1. 
Taking the norm, we obtain 



(73) MX'-,X-)\\w(L'^rP).w(:FLr'Lr). > A-^-^+H.-7j, A > 1. 



As above, using the assumption (|65l) for the solution M(A^t, Ax), corresponding to 
the initial datum uq{Xx), and the estimates flTTl) and fl73l) . we let A —>■ +00 and 
infer 

:-- + 2d --- < 



namely, ^ > f - ^ = f , that is D 

We now discuss the sharpness of the estimates (111). The following two auxiliary 
results are needed. 



Lemma 5.4. Let a > 0,6 G M. With the notation in Lemma \5. 2\. we have 

(74) ||0("+*')ik(Ln,L'-2) xa-^(a + l)^(^~^). 

Proof. We take the Gaussian function g{x) = e~'^'^'^ as window in the definition of 
iy(L^i,L'-2). Then 

|0('^+*^)(x)T,(7(x)| = e-I(-+i)l-'l'-2-s/+l?'l^l, 

so that (13^ gives 

II^^^+^^^T.^^IIl'-i = [ri(a + l)]-^e-^l^^l'. 

Now we compute the L'"^ norm of this expression (again by using fl52|) ) and we 
obtain ([71]). □ 

Lemma 5.5. Let u{t, x) be the solution of ([1]) with the initial datum uq{x) = 
^-tt\x\ ^ j'JiQn, for the solution u{\^t, Ax) corresponding to the initial datum uq{\x), 
A > 0, we have 

(75) \\u{X\ A ■)\\wiLr.,Lr.) X A-^(l + (tA2)2)i(^-^)(l + A^ + (tA^)^)^^-^) . 
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Proof. We use the explicit formula ( l6Ti) . which can be written as 

u{XH, Ax) = (1 + 47ritA2)-'^/V^"+'''\ 

with 



l + (47rtA2)2' l + (47rtA2)2- 

Hence (1751) follows from the estimate fl74l). □ 



Proposition 5.3. Let uq{x) =e T/i 



en 



(76) ||e^*^Mo|k(Ln,L'-2) ~ V, ast^+oo, 

/or some C > 0. 

Moreover, suppose that for some to 7^ 0, 1 < ri,r2 < oo, C > 0, the following 
estimate holds: 

ill) ||e'*''^Mo|k(Ln,L.2) < Cho||^^(^.i^^.^), Vmo G SiW"). 

Then ri <r2- 



Proof. The formula f[76l) is an immediate consequence of the norm f[75|) . with A = 1. 

To prove the remaining part of the statement, we apply the assumption fl77j) to 
the initial data uq{\x) = e~'^^ , A > 0. As a consequence of the norm expressions 
computed in fITIl) and fl75]) . we see that, when A — > +cxd, the left-hand side and right- 

hand side of fl77|) are asymptotically equivalent to CiA''2 , and C2A '"1 respectively, 
for some Ci, C2 > 0. This implies ^ — d < namely ri < r2. U 



Proposition 5.4. (Sharpness of ([9])). Suppose that, for some 1 < qi,q2,ri,r2 < 
00, C > 0, the following estimate holds: 

(78) ||e'*%o|k(L^i,L«2),w^(L'-i,L'-2). < C\\uo\\l^, Wuo G 5(M^). 
Then we have 

2 d d 

(79) - + ->-, 

qi n 2 

, , 2 d d 

(80) - + - < ^• 

q2 r2 2 

In particular, {because of (IHOl) ). r2 > 2. Finally, it must be q2 > 2. 
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Proof. We apply the estimate (!78l) to the family of initial data Uo{Xx) = e^'^^^l^l^, 
A > 0. Choose g = window function in the definition of the space 

W{L'i\L'i^)t. Then, for y G M, A > 1, 

(81) \\ui\H\, ■)\\wiLri,Lr2)Tyg{t)\\Ln 

To estimate this expression from below, we apply the easily verified formula 

1 

y"' ifx^ + t^y^ {fx + t^y^dt > < ^ < 1, 

with /i = A^^. Thereby, 

II \H\\\-)\\w(L^,,Lr2)Tyg{t)\\L.i > A-^-n for \y\ < ^, A > 1. 
Taking the L'^'^ norm of this expression yields 

2 __2 d_ 

||w(A ■, A •)||vF(Ln,L^2)^w(Ln,L'"2)^ > A "-i , A > 1. 

On the other hand, the right-hand side of ( |78l) is equal to A~2, therefore letting 
A — ^ +00, we obtain the index relation fl79l) . 

We now prove flHOj) . If < A < 1 it follows from the norm estimate fl75|) that 

\\u{X\ A ■)lk(L^i,L^2) X A^-'(A-^ + (4-^). 

Hence, we have 

\\\\u{Xh,X-)\\w(Lri,Lr2)Tyg\\L.i X A^"^(A-^ + y2)f(^-^), < A < 1. 

Taking the L'^'^ norm of this expression and applying the formula (l69l) . with = A~^, 
we obtain the minorization 

||m(A ■,X-)\\w{Ln,L'>2)tW{L-i,L-2), > X "2 -2, < A < 1. 

Since the right-hand side of (178|) is equal to A~^, the estimate (IHOj) follows by letting 
A ^0+. 

We are left to prove the condition g2 > 2. We follow the pattern outlined in [28| 
Exercise 2.42]. Precisely, we take as initial datum 

N 
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where / is a fixed test function, normalized so tliat tlie function v(t, x), defined by 
v{t,x) = (e**^/) {x), satisfies 

(82) \\'v\\w{Ln ,Li2)tW{L''i ,L'-2)^ = 1- 

Here ti, . . . , t^v are widely separated times that will be chosen later on. Notice that 
the corresponding solution will be 

N 

u(t,x) = (e**^Mo) (x) = y^^vjt - tj,x). 

i=i 

We claim that 

N 

(83) \\uoh^ = II $^e-*^-^/|U. < (iV+ 1)^||/|U., 

i=i 

if ti, . . . ,tN are suitable separated. 
Indeed, 

N N 
j=l j=l j^k 

<N\\f\\h + cJ2\t,-h 

3^k 



k\ ^llJIlii, 



where we used Cauchy-Schwarz inequality and the classical dispersive estimate 
||e^*^/|U- < C|t|-"'/2||/||ii. Hence ([^ follows if 

it,-4r'^/^<[c(iv2-iv)ii/iii,]-i|i/iii.. 

We now estimate from below the left-hand side of flTHj) . To this end, let v{t, x) = 
v{t,x)xRit), where X-r(^) is the characteristic function of the interval [—R,R]. 
Moreover, we assume q2 < oo and choose R large enough so that 

1 

(84) \\V - vWwiL"! ,Ln)tW{L-i ,L-2)^ < J^- 

We claim that, if \tj —tk\> 2R + 2, for every j ^ k, then 

N 

\\u{t, x)\\w{L''i ,Li2)tW{L'-i ,L'-2)^ = II E '^'^^ ~ ^J'' ^)\\w{L''i ,Li2)tW{L'-i ,L'-2)^ 

i=i 

(85) > ivi (^1-1^-1. 

This, together with the assumption (!78|) and the L^-estimate of the initial datum 
(!83|l . gives the condition q2 > 2, for large enough. 
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In order to prove the minorization ( l85l) . observe that, by the assumption (IH 

N N 
\\^v{t -tj,x) -^vit-tj,x)\\w{Lii,Li2)tW(L-i,L-2), < 1 
j=l i=i 

Hence it suffices to prove 

N 

(86) 



^V{t - tj, x)\\w{Ln,L''2),W{Ln,L-2), > N^2 M _ 

j=i V / 



Now, 



N N 
II '^v{t - tj, ■)\\wiL^i,V2) = ^ \\v{t - tj, ■)\\wiL^i,L^2), 

i=i i=i 
since, for every fixed t, there is at most one function in the sum which is not 
identically zero. Hence, upon setting hj(t) := ||-u(t — tj, ■)||i4^(-L'i,-L''2), we have 

N N 

W'^vit -tj,-)\\w(L'>i,Li2)tW(L-i,L'-2)^ = nil y^^hjTyg\\Lii\\Ln. 

Choosing the window function g supported in [0, 1], since the hj^s are supported in 
intervals separated by a distance > 2, we see that the last expression is equal to 

N 

II \\hjTyg\\Lii\\Li2. 

In turn, since the functions y i — > \\hjTyg\\Lqi, j = 1, . . . , N, have disjoint supports, 
the norm above can be written as 



N 



1 

12 



II ll^i^i/5'llL'Ji 11^^92 ) — \\v\\w(Ln,Li2)tW{L'-i,L'-2)^- 
o=i ' / 

Hence, the minorization (l86i) follows from the assumptions (l82l) and (l84l) . □ 



6. An APPLICATION TO SCHRODINGER EQUATIONS WITH TIME-DEPENDENT 

POTENTIALS 

In this section we prove the wellposedness in of following Cauchy problem in 
any dimension d > 1: 



^7) 



idtu + Au = V{t, x)u, t e [0, T] = 1^, x e R"^, 
m(0,x) = Uo{x), 
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for the class of potentials 

(88) V E L''(lT;W(J^LP',m^), - + -< I, l<a<oo, d<p< oo. 

a p 

Precisely, we generalize jS] Theorem 6.1] by treating the one dimensional case as 
well and allowing the potential to belong to Wiener amalgam space with respect 
to X, rather than simply spaces. 

To this end, let us prove directly a simple point-wise multiplication property of 
Wiener amalgam spaces (it is a special case of the modulation space property [H 
Proposition 2.4]). 

Lemma 6.1. Let 1 < p,q,r < oo. If 

111 

(89) - + - = -> 

p q r 

then 

(90) W{J^LP',LP){R'^) ■ iy(J^L'?',L'?)(M'^) C ly(J^L^ L"')(M'^) 
with norm inequality \\fh\\^^^^r^Lr') ^ \\f\\w(rLv',Lv)\\h\\w(,rL^'M)- 

Proof. We measure the Wiener amalgam norm with respect to the window g{x) = 
gi{x)g2{x), gi,g2 e C^{R'^), with \\g\\2 = Wgih = \\g2\\2 = 1- (Different windows 
yield equivalent norms for the Wiener amalgam spaces). 
Using g = gi* g2, T^9 = M_^g and 

M_^g = M_^g\ * M_^g\ 

we can write 

\\fHw{rL-,L-') ^ llll/*^*^xfl'|U'-|lL'-' 

= \\\\{f*M_,g\) * (/i* (M„,(72)||l'-|Il'-' 
= \\\\fT^gi*hTxg2\\L'-\\L-' 

WWfT.giW 
~ II \\fTx9i\\jrLp' \\lA\ \\hTxg2\\jri^q' 

= 11/11 WiJ^LP',LP) \\h\\ W{rLi' ,Li), 

where the former inequality is the consequence of Young's Inequality with 1/p' + 
l/g' = l + l/r, which follows from the assumption (15^ . and the latter is Holder's 
inequality with index relation fl89p . □ 



We have now the instruments to prove the following result. 
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Theorem 6.1. Consider the class of potentials (l88l) . Then, for all {q,r) such that 
2/q + d/r = d/2, g > 4,r > 2, the Cauchy problem flS7|) has a unique solution 
(i) u G C(/t; L^{^)) n U'^^It] W{TU\ U)), if d = 1; 

i/ d > 1 . 

Proof. It is enough to prove the case d = 1. Indeed, for d > 2, condition fl88l) 
implies p > 2, so that JFL^ ^ and the inclusion relations of Wiener amalgam 
spaces yield W{J^Lp , LP) ^ W{Lp, Lp) = LP. Hence our class of potentials is a 
subclass of those of [5l Theorem 6.1], for which the quoted theorem provides the 
desired result. 

We now turn to the case d = 1. The proof follows the ones of |7j, Theorem 1.1, 
Remark 1.3] and [Sj Theorem 6.1] (see also ^34j ) . 

First of all, since the interval It is bounded, by Holder's inequality it suffices to 
assume l/a + d/p = 1. 

We choose a small time interval J = [0, 6] and set, for g > 2, g 7^ 4, r > 1, 

Z,/2,r = L'^/^i.J;WiJ'U',L%). 

Now, fix an admissible pair {qo,ro) with tq arbitrarily large (hence (1/go, l^o) 
is arbitrarily close to (1/4,0)) and set Z = C{J;L'^) fl ZqQ/2,ro5 with the norm 
||f||^ = max{||f ||c(j;L2), ||'^^IU,g/2 ro }■ have Z C ^g/2,r for all admissible pairs 
(g, r) obtained by interpolation between (00, 2) and (go, vq). Hence, by the arbitrary 
of (go, To) it suffices to prove that $ defines a contraction in Z. 

Consider now the integral formulation of the Cauchy problem, namely u = ^{v), 
where ^ 

$(t;) = e^*^Mo + / e'^'-'^^V{s)v{s)ds. 
Jo 

By the homogeneous and retarded Strichartz estimates in [51 Theorems 1.1, 1.2] 
the following inequalities hold: 

(91) < Co|ko||L2 + Co\\Vv\\z^.^^^, .„ 

for all admissible pairs (g, r) and (g, r), q > 4:,q > 4. 

Consider now the case 1 < a < 2. We choose ((g/2)',f) = {a,2p/ {p + 2)). Since 
V G L°°{J; L^) applying (Mil) for g = 2 we get 

whereas Holder's Inequality in the time-variable gives 

ll^^ll%/2)',f' ~ \\'^\\L^{J;W(:FLP',LP))\ML--iJ;L^)- 

The estimate (PT]) then becomes 

(92) ||^('l')|U,/2,, < C'ollMolUa + C'o||V'||ic(j.vy(^Lp',LP))||t^|U°c(j.i2). 
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By taking (g, r) = (oo,2) or (g, r) = {qo,ro) one deduces that $ : Z — > Z (the fact 
that is continuous in t when valued in follows from a classical limiting 

argument [H Theorem 1.1, Remark 1.3]). Also, if J is small enough, Co||y||L<:,j;^p < 
1/2, and $ is a contraction. This gives a unique solution in J. By iterating this 
argument a finite number of times one obtains a solution in [0,T]. 

The case 2 < a < oo is similar. We again consider the inequality fl9Tl) for all 
admissible pairs (g, r) and (g, f), g > 4, g > 4. Since a > 2 we can find an 
admissible pair (g, f) , g > 4, such that 

(93) = ^ + i 

111 

94 _ + _ 

r ro p 

(95) 

Using the Wiener point-wise property ( l90l) with index relation (IMll we have 

ll^'^llTy(J^L'\L*=') ~ ll^llH'(J^LP',LP)ll'^llvy(jc-2,'o,L'-o)- 



Finally, Holder's Inequality with index relation (1931) gives 

The final part of the proof is analogous to the previous case. □ 

Remark 6.2. The most interesting case in Theorem \6.1\ is when d = 1. Indeed, 
choosing p > 2, so that 1 < p' < 2, we have the embedding Hg ^ J-'L^ , for 
s > l/p' — 1/2 (see, e.g., [171 Theorem 7.9.3]). Whence, examples of potentials 
V{t, x) satisfying ( IHHi) are given by tempered distributions locally in Hg as above in 
the x-variable, conveniently localized inx, and belonging to , a > p' , with respect 
to the t-variable. 

Appendix A. Some results in real interpolation theory 

Here we collected some results in real interpolation theory which are used in the 
proof of the Strichartz estimates. 

Let (X, B, /i) a measure space, where X is a set, i3 a cr-algebra and /i a positive 
cr-finite measure. If A is a Banach space, 1 < p < oo, then we shall write Lp{A) for 
the usual vector-valued spaces in the sense of the Bochner integral. The first 
result is a generalization of [5j, Proposition 2.3]. The proof uses arguments similar 
to those in [SUl Section 1.18.4]. 

Proposition A.l. Let {Aq,Ai} be an interpolation couple. For every 1 < po,Pi < 
oo, < 9 < 1, l/p = {1 — 0)/pq + 9/pi and p < q we have 

(96) LP((Ao,Ai)e,,) ^ (L^«(Ao),LPnA))e,,. 
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Proof. We use the fact that the bounded functions with values in AoflAi, vanishing 
outside a set with finite measure, are dense in Lp°{Aq) fl Lp^{Ai) and may be 
approximated in L'^°{Aq) fl L^^{Ai) by simple functions: 

N 

c{x) = (^Xf, (x), fi{F,) < oo, c> eAoHA,, Fj n = 0, if j ^ k. 
i=i 

Set rj = p6/pi and q = pr, r > 1. If c{x) is such a function, it follows from 
Theorem 1.4.2 of [30], page 29, that 

= 11^-" inf / {\\a{x)\\Z+t\\b{x)n 

a+b=c 



X 



(97) = Wr^j^ ^^^M^^^ (lla(x)ri + 

a{a;)e^O, 6(a:)GAi 

In order to justify the last equality we observe that the inequality ">" is obvious. 
As far as the converse inequality " < " concerns, we take advantage of the fact 
that c(x) is a simple function, so that one can find minimizing sequences a„(x), 
hn{x) given by simple functions which are constants where c(x) is, and zero where 
c{x) = 0. 

Finally, by Minkowski's integral inequality. 



c 



a(x)€Ao, b(x)€Ai 



^^^^ ^ II^IIlp({Ao,Ai)9,,)- 

□ 

We also record [H Proposition 2.5]. 

Proposition A. 2. Given two local components Bq,Bi, for every 1 < po,pi < oo, 
< 9 < 1, 1/p = (1 — 9)/po + 9/pi, and p < q we have 

W{{B^,B^)e,,,L^) ^ {W{Bo,LP'^),W{B,,LP^)),^^. 
We finally recall [3, Section 3.13.5(b)]. 

Lemma A.l. If Ai, Bi, Ci, i = 0, 1, are Banach spaces and T is a bilinear operator 
hounded from 

T:AoxBo^Co 
T ■ AqX Bi^Ci 
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T : X fio ^ Ci, 
then, if0<9i<9<l,i = 0,l, 9 = 9q + 9i, one has 
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